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Anomanis—O0GIPYHTOBaHO norpedy YHCEJILHOTO
iHTerpyBanust  TabamuHUX  GYHKIT 3  BHKOPHCTAHHSM
MmHorouieHa Teisiopa. BcraHoBieHo, mo y  0aratbox

NPAKTHYHUX 3a/1a4aX HepBiCHY BiJ MiliHTerpajabHoi QyHKIT He
3aBKIM  BIAETHCA BHPA3UTH 4Yepe3 eJieMEHTApHI  (yHKIIi.
Po3pobiieno Merox 4NMCE/NILHOTO iHTErpYBaHHS  TalJIMYHOL
¢yHknii gst ogHiel 3MIHHOI 3 BHKOPHCTAHHSIM MHOTOWIEHA
Teiisiopa. HaBeleHO KOHKpeTHI NpHKIaAN  00YHCICHHS
iHTerpaJsiB — HeO3HaA4YEHOI0 i 03HAYEHOTO.

Abstract — Has been substantiated the need for numerical
integration of table functions using polynomial Taylor. Found
that many practical problems of the original integrand cannot
always be expressed in terms of elementary functions. Has been
designed the method of numerical integration of table functions
to one variable using Taylor polynomial. Showed the specific
examples of computing integrals — definite and indefinite.

Kmouoei ciiosa — diicetoHe inmezpyeants (Pynxuiil; madmuna
dynruia; muozounen Teilnopa; iHmepno/AUIIHIIL MHOZOWIEH.

Keywords — numerical integration of functions; table function;
Taylor polynomial; polynomial interpolation.

I Bervin

[lpu BupimenHi MPOOIEM MPOTpPaMHOI IHXKEHEpPIi ICHYy€
6araTo MpUKIATHAUX 33734, Y MATEMAaTHIHOMY (POpMyTFOBaHHI
SIKMX BHHHUKA€ NOTpeOa OOUUCICHHS IHTETPaliB — HCO3HAUCHHUX
1 O3HAYCHHX, OJWHAPHHUX, NOABIMHAX 1 MOTPIHHHKX,
KPHBOJIIHIMHKX 1 32 MOBEpXHEIO Ta iH. HaliBa)kmusimmi 3 Takux
3a7a4 TOJATAOTh B OOUMCIICHHI: IUIOII TAa JOBKHHH JIyTH
miockoi  (Qirypm; o00'eMy Tima 3a BIZJOMHMH IUTOIHAMHE
TMOTICPCYHAX TMEPEPi3iB UM Tija OOCPTAHHA, IO MOBCPXHI
Oyap-SIKOTO TijIA UM TiNa OOCPTAHHS, CTATHMHUX MOMCHTIB 1
MOMEHTIB iHepUil IIOCKUX AyT 1 (iryp; KOOPAMHAT IICHTpA
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parm, pobotm 1 THCKy |[l1]. B Takmx 3amauax pmesxa
MiZiHTErpanbHa (DYHKIIS Y TPOLECI BUKOHAHHS 1HXXKCHEPHUX
PO3PaxyHKIB YACTO MOJAETHCA ¥ BUTILLAL TaOmumi. [Ipn npomy
HC3aJICKHI 3MiHHI, IO BiAMOBIJAOTH 34 ii IITomTy, 00'€M UH iH.,
BH3HAYAFOTHCS 3 CHCTEMH PIBHSHD, SIKA OTPHMYETHCS IIILIXOM
TIPUPIBHEIOBAHHS 0 HYJII YACTHHHHUX TOXITHHX (QyHKOIT MeTH
32 UMH 3MiHHEMH.

Jyxe vacto morpeba OOUMCICHHS iHTETpaxy TaOIHIHOL
(yHKUIi € MPOMDKHAM €TaroM y MPOIECi PO3B'sI3aHHS TOI UM
IHmoi imkeHepHOI 3azaui. Tak, HeENiHIHHA MOAETb CTaHY
o0'ekta (KM  OMHCYETBCA  CHCTCMOK  HCIHIHHHX
anrcOpHMYHUX PIBHAHB) MOXKC MICTHTH ONHY a00 ICKiTbKa
(yHKUIA, gKi 3a7aH0 B TabmmyHOMY BHIpimi. Hampukman,
SKIO EJICMEHTOM O0'€KTa € CIpecoBaHa JEPeBHHA 3
XapakTepuUCTHKOK P =¢[x] (x — BemmumHa Acdopmamii
JCpeBUHM, P — CHla, MO BUKIHKAE WO AC(OPMALII0), SKY
33[aHO Y BUTJLLAL TAONUIIL BiA OJHIET 3MIHHOI, TO PIBHSHHS P =
¢[x] = O 6yme omHMM 3 PIBHSAHb HEMHIHHOI CHCTEMH CTaHY
mporo o0'ekra. 3actocyBaHHA Meroay HbIOTOHA — TIa
PO3B'SI3aHHS i€l CHCTCMHU PIBHSIHbL BUMATATHME OOUHCIICHHS

TAKOTO IHTCTpaTy j flxlax.

II. TIOCTAHOBKH 3AJTAY YUCEJLHOT'O IHTETPYBAHHS
TABJIMYHUX ©@YHKITIH

Hexait HeoOXiaqHO OOUHCITUTH iHTETpaT
b
1= flxldx 1)

3 kypcy Buinoi Matemaruku [1, cr. 261] Bimomo, 1o qis
¢yukuii f]x], HemepepBHOi Ha BiAPi3Ky [a, b], inTerpan (1)
ICHY€ Ta BU3HAYAETHCA 3a popmynoro HeroToHa-JIerOHIna
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I = flxlde = Flx], = F[b]-Flal, )

ne Flx] — mepsicHa mua ¢yeknii f]x]. Ognak mns Oixpmmocti
MPAKTHIHHX 330a9 TCPBICHY Flx] HE 3aBKIH BIAETHCA
BHPA3UTH depe3 eNneMeHTapHi (QyHKOil. B  imKeHepHMX
po3paxyHkax (yHKOig flx] 4acto 3amaE€ThCA AK AHATITHIHO,
Tak 1 y Buraami tadmmmi il 3HAYCHBb OIS TICBHHX 3HAYCHB
aprymeHty. Bce me mopomxye morpeOy B HAOMKCHHX
MeTOoAAX 00UHCICHHA iHTerpana (1), SKi YMOBHO IOTIISAFOTHCA
HA AHATITHYHI TA YHCIOBL. Awranimuuni Memoou, 3a CBOEI
CYTHICTIO, TOJATAKOTH Y TOYHIH UM HAOMWKCHIH moOymoBi
niepBicHOi F]x] Ta momamemroMy BHKOpHCTaHHI (Gopmynu (2).
Yucnosi memoou K HAIOTh 3MOTY O€3MOCEpEeIHBO 3HAUTH
YHCIOBE 3HAYCHHS IHTErpaxy, O0asyioumch HA BIJOMHX
3HAUCHHAX TigiHTerpanbHOi (yHKWii (a iHKOMM 1 Ha ii
MOXIJHHUX) Y 33JaHUX TOYKAX, SKI HA3MBAOTH gyziamu. TyT
pPO3TIBIIATEMEMO  TIBKH HHCIOBI METOOW  IHTETPYBAaHHSI
Tabmmuanx (QyekOii. CaM mpoumec 4YHCIOBOTO BH3HAYCHHS
IHTETpally  HA3MBAETBCA  K@aopamypoio, a4  BIAIOBIIHI
(hopMymH — K8adpamypHuUMU POpMYIaAMU,

[TocTaHOBKH 3a7aY YMCENBHOTO IHTETPYBAHHA TaOIMMHUX

(VHKIIH 3 OHIE0, TBOMA YH TPHOMA HC3AJICKHHMH 3MIHHUMH
3arajaoM (hOPMYIIIOFOTECS B OJJHOMY 3 TAKHX TBOX BapIaHTIB.
3agaga 1. Jxa Tabmuanoi Qymkmii ¥ =Y[X] 3 ommicro,
JABOMA YH TPHOMA 3MIiHHHME X =[x,i=1,3] mOTpibHO ¥
JOBUTBHIM TOYNI TPOCTOPY HE3ANCKHUX 3MIHHHX, 3aJaHOL
KOOPIHHATAMH X=X'=[x=x,i=13], OOMHCITHTH

[Mloxldsr,

HCO3HAUCHI  iHTErpamm _f Sl 1dx,

J.f[xl"xZ’x}]dxlex} .

V saraneHOMY BHIIAAKY QYHKUIRO ¥ = Y[ X] MOKHA TIOAATH
y Buriai Tadm 1, mig iHTErpasoMm Akoi MOTPIOHO PO3YMITH
aHATITHYHUH BUPA3 ii iHTepnostHTH [ 3].

TABJIMIIS L 3ATAJIBHYIM BUTJISI TABIMYHO! GYHKITHT
JULA BATATBOX HESAJIEXHWX SMIHHMX
Ne By3s1a 0 1 ... i ... P
X, 10 11 . X1, . X1,
X, %20 2,1 . X2, . X2
X, X30 3,1 X3, 3.
Y 0 1 i »

ae: X=[x,,.i=Lpk=1m], ¥ =[y,i=1p] — Bigomi umcna,
P — KIUIbKICTh BY3JIB IHTCPIOITHTH, /11 =3 — KUIBKICTh 3MIHHHX,

3apaua 2. ©ysakuis ¥ =Y[X] 3 HCIAICKHUMH 3MiHHHMH
X=[x,i=13] 3amma y BHIIATI
OOYMCIHMTH 3HAYCHHA O3HAYCHMX IHTErpais J' SIxddx,

o
Hf[xl,xz]dxlxz 9K J‘J‘J‘f[xl,xz,xs]a'xlxzx3 A1 3a0aHHX MCK
D T
IHTCTPYBAHHSL.
OueBHIHO, TOCTAHOBKA 3a7a4i 2 € OKPEMHM BHIIAJKOM
3a7adi 1, oHAK il MEpeBasKHO PO3TILIIAKOTH SIK OKPEMY 3a7ady,
OCKIJIbKH B Hill OQYHCIICHHA BiANOBIIHHX IHTCTPANB BHMATAE

tabn. 1. TloTpidno

3aCTOCYBAHHA JEII0 CKIAMHIMMX (OPMYIT IX HA3HBAIOTH
Gopmynamy  uucenvHo20  iHmMespyeanHs, a  TPOUCAYPY
OO4YMCIICHHS IHTETpaldy 3a OUMH (OpMyIaMH HA3ZUBAIOTH
YUCTIOBUM IHMEe2PYBAHHAM MAbIUYHOT PYHKYIL,

Onun 3 MOMUTUBHX croco0iB PO3B'3aHHA
c(hOpMyITbOBAHUX 3a7a4 OA3ye€ThCS HA BHKOPHCTAHHI PI3HHUX

KBaJpaTypHUX (HOPMYII MPHOIHU3HO TAKOTO BUTILIIY:
b n
] E.‘.f[x]dxz (b-a)Y A flx]=1, 3)
" i=1

3 BIIOMHM 3aJHIOKOBHM WieHOM R, (f[x])=I-1, abo ioro

OWIHKOK. 3arajoM #AK BY3JIOBI TOYKH X; TaKk 1 BaroBi
MHOKHHKH A; 3aBYaCHO € HCBIDOMHMH 1 IIJIJISrar0Th
BH3HAYCHHIO TIPH  BUBCACHHI  KOXKHOI ~ KOHKPETHOL
KBagpatypHoi (opmynn (3) HA MACTaBI BUMOT, IPE ABICHUX
JI0 Hel.

[TpakTH4HO, 331342 YUCETBHOTO IHTETPYBAHHS TaOIIMIHUX
(P)YHKLIH € EKBIBAJICHTHOO OLIHFOBAHHIQ CEPEIHHOTO 3HAYUCHHS
(yHKIi, sSIKE HA BIAPI3KY [@, b] BH3HAYAETHCS TAKUM BUPA3OM;

Slxl, =ﬁ j JTxlds @

I= j flxldx=(b=a)- fx],,- 5)

Boamouac, BH3HAUCHHS CEPEAHBOTO 3HAYCHHS (YHKIIT —
e CTAaTUCTHYHA 33Ja4a, sSKa MICTHTh y Co001 mpoOiemu
MOCTiTOBHOI BHOIPKHM 1 IJIAHYBAHHA CKCICPHUMCHTY. Uepes
CKJIAIHICTD TAKOI MOCTAHOBKH 3a7adi TYT OOMEKHUMOCH TIJTBKH
KIACHYHAMH METOAAMH HHCEIbHOTO IHTETPYBAaHHS, IO
0a3yroThCS HA MONICPETHHOMY BH3HAUCHHI SIK BY3JIOBUX TOYOK,
y AKHX MAa€ 3agaBaTUCA iHQOpPMALiA TPO IHTCTPOBAHY
(PYHKIIIFO, TAK 1 CAMOIO IH€F0 IHOOPMAIIIETO.

BukopucroByBaHi HIDKYE B QITOPHTMAX YHCEIHLHOTO
iHTeTpYyBaHHA TAOMMYHHX (PYHKUOIH KBagpaTypHi (Qopmynm
OyIYIOTBCS, K ByKEe OYIO 3a3HAYCHO BHINC, HA OCHOBI THX UK
IHIIAX KPHTEPiiB, IMO BHU3HAYAOTH IIOJIO’KCHHS BY3JIOBHX
TOYOK | BEJIMYMHH BATOBMX MHOKHHKIB. TakmMu KpHTEpisIMH
MOXYTh OyTH: 1) MOAAHHS IHTErpaNy Y BUIJLIAL 1HTETPAIBHOL
CyMH; 2) IHTEpHOIIIiS MAIHTErpanbHOi (YHKIII (HAIpUKIaz,
MHOTOUITCHOM Teiopa [2]) 1 momajpme iHTCTPYBAaHHA
iHTepNOANiHHOI (hyHKIIT; 3) BUMoTa, modu (opmyna (3) Oyaa
a0COIFOTHO TOYHOKO I BU3HAYUCHOTO KIAcy (DYHKUIH, 1 T.[T.

III. YMCENBLHE IHTEI'PYBAHHS TABJIMYHOI ®YVHKIIIT
JUISI OHIET HE3AJIEJXKHOI 3MIHHOT

Po3risiHeMO TOCTIMOBHICTE PO3B's3yBaHHA 3amad 1 1 2
CHOYATKy CTOCOBHO HETEPIOAMYHOI TAOMMIHOI (YHKUIT It
OmHiET HE3ANMCHKHOI 3MIHHOI 3 BHKOPHCTAHHAM MHOTOYJICHA
Tetnopa, a moTiM, Vv IHIMX IyOMIKamisSX, 3 IBOMA 1 TPhOMa
3MiHHHAMH,
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TABJIAIS 11 SAT AJILHVIM BUTJIST TABJIAYHOT &Y HKIITE

JULST OTHIET HE3AJIEXKHOI 3MIHHOL

Ne By3s1a 0 1 i P

X0 01 C; Xy

all B

0 1 i Y

3aramoMm QyHKUiF0 Y =Y[X], Ky 3amaHO TaOd. 2, MOKHA
MOAATH AHATITHYHO {1 IHTCPIOJLTHTOK V BHUIILIAL MHOTOYJICHA
Tetinopa n-ro creneus [3]:

x x? x" = =,
Yzco+clﬂ+cza+...+cP;=T[x]><C , ©)
Je: T[x] — psanox Teitmopa; C' — TPAHCIIOHOBAHHI PATOK

(croBnens) koeQiuientis inTepmomasaTH. CroBmens (' €
KOpPECHEM TaKOi JTIHIHHOI CHCTEMH PIBHSHB .

x T
¢ Fo—= +. +c,~> =y
0 "1 7 p o
¢ 0L 4. +c oo v, =
A T T VS TIXIXCT =TT, (7)
x x7
r r _ .
CO +CIF +... +CP_| _yp’
me: T[X] - wmarpums Teiimopa, ska OOYMCIIOETBCA 34
KOODAHHATAMH  By3miB X  imtepmommii, Y' -

TPAHCTIOHOBAHUH PATOK (CTOBICHB) BY3IiB 1HTCPIOJIALII.
Heosnauenuit oounapnuil inmezpasi Bix MHOTOUICHA (6), 3
ypaxyBaHHAIM (7), BH3HAYAETHCS 32 TAKOKO (DOPMYJIO:
2 —
X — S =
[xldx =c,—+c,—+..+c,——=T"[x]|  xIxxC*", (8
jf S TRRET P (n+1)! » ®)

a o3HaueHuil OOUHAapHUll inmezpan BiJ MHOTOUJICHA (6) — 3a
TaKOK (POPMYJIOFO:

n+l

X X

b 2
X X
:!.f[x]dx—col—!—i-clz—!—i-...—i-cpmx

x=b

= Ti[x]L:x, X Ex Ccr

x=a

= (Ti [x]|x:b -7 [x]|x:a ) «Iex O

ne: T'[x] — imrerposanmii pagok Teimopa, Ix — MaTpHIA
IHTErpyBaHHA psiaka Teiopa.
Omxe, mia yac OOUNMCICHHS OJWHAPHHUX IHTETPATiB Bifg
(yuxuii, 3a7a001 TadII. 2, HOTPIOHO BUKOHATH TaKi il
e 3a maHWMH TaOimI c(hOPMYBATH MATPHYHE PiBHIHHSI
(7) Ta po3B'a3aTH HOTO,

e cdopmyBaru iHTErpoBaHHH psmoK Teitmopa [¥]

MATPHIO HOTO iHTerpyBannsa X ;

e U1 HEO3HAUCHOTO 1HTETpaly — MiACTaBHTH Y POPMYITY

. r .
(8) orpumaHuil KOpiHb C piBHAHHA (7) Ta YHCIOBE
3HAYCHHS X =X 1 BHKOHATH ONCpaUii MHOMCHHS
MaTpHIb, BKA3aHi y Bupasi (8);

e Uil O3HAYCHOTO IHTEIPaNy — MiACTAaBUTH ¥ (OPMYIy

. r . .
(9) xopiub ¢ piBHSHHA (7) Ta YUCIOBI 3HAYEHHS X = A
1 X =b, a mOTIM BHKOHATH OmEpamii MHOKCHHSI
MAaTPHITh, BKA3aHi y BHPa3i (9).

[Mpuxnax. Hexait Bix ¢ynkmii ¥ =Y[.X], 3agaHoi Tadm 3,
MOTPIOHO OOUMCINTH 3HAYCHHS HEO3HAUCHOTO 1HTETPaly MPH X
=x'=1.1ta o3HaucHOr0 —Mpux =a=09ix=h =15,

TABJINAIIS 111 SHAUYEHHS TABTMYHOT @ VHKITI AJ11 OAHIET SMIHHOT
Ne By3s1a 1 2 3 4

X 0,90 1.00 1.25 1.50

Y 893 686 430 304

PiprsauHHA 11 mi€l TabmmaHOi (DyHKUIT Ma€e TaKUil BUTILLT

X x2 3 = 1
Y—co+clﬂ+czz+c3a—T[x]><C , 10)

a PO3B'I3KOM MATPHIHOTO PIBHSHHA (7) € TAKUHA BEKTOP:

¢,| | 9099.29

= s v e |6 |-18384.24

PEXT == 1= 10643714 | (10)
¢, |-19485.71

3HAUCHHA HEO3HAYEeH020 OOUHAPHO20 iHmezpany Big
¢yukuii ¥ = Y[x] mpu x= x' = 1.1 3HaxoauMo 3a (GopMyI00
®:

[ flxlde=Tix, xTexC =

000 0
c0
' n2 n3 v4| 1 0 0 0 c
S G ) L)y g o o) «|7=
o2t 3 4| ¢,
010
03
0001
=[1 1.1 0605 02218 0.0610|x
0 0 0
Lo o 9099.29
-18384.24 (11)
[0 1 0 0fx =3562.68.
26437.14
00 1
-19485.71
00 0

3HAUCHHA 03HAYEHO020 OOUHAPHO20 iHmezpasy Bia (QYHKII
Y =Y[x] mpu x=a i x= b 3Haxommmo 3a (opmymnoro (9),
BHACJOK YOTO OTPUMAEMO TAKHH PO3PAaXyHKOBHHA BHPA3;
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} Sxlde = (T[], - T [x]|m)x§x o=

0000 |,
2 13 14 2 3 4 1000 0
—‘ﬁb—b—b—— aa—a—a—><0100><§1(12)
121 31 41 o2t 34 Moo ol 16
0001 1%

IarerpoBanmii psaaok Tednopampux =a=09ix=5bh=1.5
MaTHME TaKi 3HAYCHHS CIICMCHTIB

Ti [x]|x:1.5 _Ti [x]|x:0.9 -

09° 09 09

o2 31 4 o2t 3 4|

=0 0.6 0720 0.4410 0.1836|,

a O3HAYCHUIT IHTETPAN — TAKE 3HAYCHHS

15
[ fxlax =0 0.6 0720 04410 0.1836]x
0.9

000
9099.29
100
-18384.24
<o 1 0 ofx =304.12. (13)
26437.14
00 1
-19485.71
000

BucHoBk#A

BcranoBieHO, mo A OLMBIIOCTI MPAKTHIHHUX 33044
OOYHCIICHHSI IHTETPAIIIB TIEPBICHY BiJ MAIHTETPATBbHOI (DYHKINL
HE 3aB)KIM BJAETHCI BHPA3HTH 4Yepe3 eneMeHTapHi (yHkoii. B
IIKCHEPHUX PO3paxyHKaX IMiAiHTErpaidbHa (YHKIIS Hacro
3aJa€Thcd TAOMHMLCH Ii 3HAYCHb 11 IICBHHX 3HAYCHb
ApTYMCHTY.

Po3po0iicHO METON 4MCENIBbHOrO iHTETPYBAHHA TAOIHMYHOL
GyHKIIT Ama omHiEl 3MIHHOI 3 BHKOPHCTAHHSAM MHOTOYJICHA
Tetimopa. g 00UHCICHHS Heo3HaueHoz0 iHme2pan)y OTPiOHO
TMOMHOKUTH IHTCTPOBAHMHA psAAOK Tednopa HA MATPHIFEO
IHTCTPYBAHHSA Ta HA CTOBICIh KOC(IUIEHTIB IHTCPHOITHTH
OOYHCCHHS 3K O3HAueHO20  iHmezpany 3BOJUTHCI IO
MHO)KCHHSL BHpPa3y, SIKHH € PI3HHICK) MK IHTCTPOBAHHMH
paaxamu Teilmopa B 33JaHHX MEXKAX, HA  MATPHUIRO
IHTETPYBAHHS TA HA CTOBICIb KOC(III€HTIB iHTEPIIOISIHTH,
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